Abstract: We calculate the anomalous dimensions of higher spin singlet currents in the critical O(N ) vector model at order 1/N 2 . The results are shown to be in agreement with the four-loop perturbative computation in φ 4 theory in 4 − 2ǫ dimensions. It is known that the order 1/N anomalous dimensions of higher-spin currents happen to be the same in the Gross-Neveu and the critical vector model. On the contrary, the order 1/N 2 corrections are different. The results can also be interpreted as a prediction for the two-loop computation in the dual higher-spin gravity.
that, from the CFT point of view, correspond to the anomalous dimensions, γ s , of the higher-spin currents Recently, the order-1/N anomalous dimensions have been computed in all the four basic ChernSimons matter theories [30] . The result is that they are given by two functions of spin, one of them being γ s above, times simple factors that depend on the parity violating parameter. It is interesting that the two spin-dependent functions were found to be same for all the four theories, a particular case being (1.2). In [31] the order-1/N 2 anomalous dimensions were computed for the Gross-Neveu model. The results of the present paper reveal that the order-1/N 2 anomalous dimensions are different in the critical vector and the Gross-Neveu models. It would be interesting to extend the results to Chern-Simons matter theories.
The paper is organized as follows. In Section 2 we describe the model and review a technique for the calculation of critical exponents. In Section 3 we discuss the renormalization of higher-spin currents and present our results for the anomalous dimensions of these currents in the 1/N 2 order in arbitrary dimension d. The anomalous dimensions in d = 3 are discussed in Section 4. The details of the calculations and some numerical results are collected in several Appendices.
Critical O(N) model
The O(N ) invariant ϕ 4 model (where ϕ is an N -component real field) where u = g/16π 2 . This model is critically equivalent to the nonlinear σ -model, see for a review [1, 12] . The latter describes a system of two interacting fields -basic field ϕ and "auxiliary" field σ -with the action
3)
The partition function is given by the path integral
Dϕ Dσ exp {−S(ϕ, σ) + J ϕ ϕ + J σ σ} .
The 1/N expansion for this model is constructed as follows [12, 34] . One represents the action (2.3) in the form
where
Thus the kernel K is an inverse propagator of the σ field. It is fixed by the condition that the term σKσ in S int cancels the LO ϕ loop insertions to the σ lines. Namely,
where D ϕ (x) is the propagator of the basic field ϕ
Since D σ = K −1 ∼ 1/N one gets a systematic 1/N expansion for (2.4). However, despite the fact that one considers the theory in non-integer dimensions the loop diagrams are divergent and the theory has to be regularized. The most convenient way to do it is to modify the kernel K in the free part (S 0 ) of the action [34] ,
The function C(∆) is arbitrary except that it has to satisfy the condition C(0) = 1. Different choices of C(∆) result in a finite renormalization for Green functions but do not affect the critical exponents. We fix the function C(∆) by the requirement that the σ field propagator takes the form
The divergences in diagrams arise as poles in ∆ and are removed by the R operation. From now on we will assume the MS scheme, i.e. Z factors are series in 1/∆,
Note, however, that the renormalization is not multiplicative, i.e. S R (ϕ, σ) = S(ϕ 0 , σ 0 ). It means that the knowledge of renormalization factors is not sufficient for determining critical exponents [34, 35] . Nevertheless it was shown in [24] that to the 1/N 2 accuracy the anomalous dimensions can be expressed via the corresponding renormalization factors in a simple way. The recipe is the following: we rescale the propagator of σ field by a parameter u,
Then the contribution of each diagram, G, to the renormalization constant comes with the factor u nG , where n G is the number of σ-lines in the diagram. Let Z be the renormalization factor for an operator O, [O](Φ) = Z O B (Φ 0 ), Φ = {ϕ, σ}. In the MS scheme it takes the form 12) where Z k (u) = j z kj (u)/N j . Then, to the order 1/N 2 the anomalous dimension of the operator O can be obtained as [24] 
For more details see [24, 36] . In certain situations conventional techniques of self-consistency equations [37, 38] and conformal bootstrap [9] are, of course, more effective. However, the approach outlined above is very convenient for analysis of composite operators, especially with a nontrivial mixing pattern.
Higher-spin operators
We are interested in the critical dimensions of the higher-spin (traceless and symmetric) singlet operators
In what follows we will not display Lorentz indices explicitly and adopt a shorthand notation for the operator, J s ≡ J µ1,...,µs . The operator J s mixes under renormalization with operators that are total derivatives. However, since the mixing has a triangular form it is irrelevant for calculation of the anomalous dimensions and can be neglected. Thus the renormalized operator takes the form
The leading order diagrams contributing to the renormalization factor are shown in Fig. 1 . The left diagram on this figure is the only one contributing at this order to the renormalization of the nonsinglet operator. The right diagram with a closed ϕ line cycle, contributes to the singlet operator only. With this in mind we write the answer for the anomalous dimension of the singlet operator in the form
Here the index η determines the anomalous dimension of the field ϕ, η = 2γ ϕ , γ ns (s) is the anomalous dimension of the non-singlet operator, and ∆γ(s) is the contribution due to diagrams with a closed ϕ-line cycle. All contributions except ∆γ(s) are known to the NLO accuracy. The first two expansion coefficients for the index η = η 1 /N + η 2 /N 2 + O(1/N 3 ) take the form [38] 
, where
The LO anomalous dimension of the σ field (
The non-singlet anomalous dimension γ ns (s) has been calculated in [24] at the order 1/N 2 . The first two coefficients of the 1/N expansion
where we introduced the notation, j s = s + µ − 1, for the canonical conformal spin. The functions S(j) and R s (µ) are defined as
Singlet operators exist only for even spins, so that from now on we assume that s is even. At 1/N order only one diagram -the rightmost diagram in Fig. 1 -contributes to the pure singlet anomalous dimension
Calculating this diagram and using Eq. (2.13) we reproduce the known result [23] 
Thus to the leading order 1/N the singlet anomalous dimension is
Note, that for s = 2 the anomalous dimension vanishes as it should be since the spin two current corresponds to the energy-momentum tensor. We also remark that the spin dependence of the LO singlet anomalous dimensions (3.13) is exactly the same as in the Gross-Neveu model, see e.g. [29, 31] .
The diagrams which contribute to the pure singlet anomalous dimension at the order 1/N 2 can be split in two groups. The first one comprises the self-energy and vertex corrections to the leading order diagram (eight different diagrams in total). The diagrams from the second group are shown in Fig. 2 . The diagrams from the first group can be effectively calculated with the help of technique developed in [24] . We give some details of this calculation in Appendix C.
Next, the first three diagrams in the Fig. 2 are easy to calculate. All other diagrams have only a superficial divergency. Since we are interested only in a residue at the ∆ pole the regulator ∆ can be removed from the σ-lines and placed on one of the ϕ-lines. For ∆ = 0 the basic σϕ 2 vertex has the property of uniqueness and can be transformed with the help of the star-triangle relation
Using the standard technique [12] one can find rather straightforwardly the contribution of each diagram to the renormalization constant of the singlet current. We collected answers for individual diagrams in Appendix B.
Before presenting the answer for the singlet anomalous dimensions let us note that if one is interested only in the d = 3 result the calculation of the last three diagrams can be greatly simplified. It should be stressed here that we are talking about the pole part of the diagrams only. Using the star -triangle relation one derives in d = 3:
Since d = 2µ = 3 the horizontal line on the rightmost diagram disappears. In this way it is easy to check that the contributions of the third and fourth diagrams in the second line in Fig. 2 vanish in d = 3, while the last diagram is reduced to a simple ladder-type diagram by application of the chain rule. Collecting all terms, our answer for the NLO singlet anomalous dimension takes the form:
Here 
The expression (3.14) passes several consistency checks. First, it can be verified that for s = 2 the singlet anomalous dimension vanishes, γ(s = 2) = 0. We remark also that the non-singlet spin one current is conserved and, hence, its anomalous dimension vanishes, η + γ ns (s = 1) = 0. Second, the large spin asymptotic of γ(s) complies with the CFT prediction [39, 40] . It was noticed in [41, 42] that if one represents anomalous dimensions of higher-spin operators in the form
then the asymptotic expansion of the function f (j) has a rather specific form. Namely, it is given by the sum of terms
Excluding the prefactor, this series is invariant under j → 1 − j save that the coefficients a q,k are allowed to be functions (polynomials) of ln(j − 1/2). For more detail see Refs. [39, 40] . In the perturbative expansion Eq. (3.17) takes the form
Comparing it with (3.14) one finds that f 1 (j s ) is the LO anomalous dimension, while the second term in (3.19) is contained in the first two lines in (3.14). Thus the large spin expansion of all other terms in (3.14) starting from the third line has to have the form (3.18). The asymptotic expansion of all contributions, except the diagram D 9 (B.2), can be easily calculated and has the form (3.18).
For the diagram D 9 we checked this property in d = 3 only. Third, the anomalous dimension of the higher-spin currents in ϕ 4 model in 4 − 2ǫ expansion are known with four-loop accuracy [43] . Restoring O(N ) factors for individual diagrams given in [43] we obtain for γ(s) 
d = 3 reduction and higher-spin masses
In three dimensions the results can be considerably simplified. First of all,
After some simplifications we obtain for the non-singlet anomalous dimensions in three dimensions
For the anomalous dimensions of the singlet currents we have
It may be interesting to compare the results of the large-N expansion with the perturbative results in 4 − 2ǫ dimensions for ǫ = 1 2 , which is displayed on Fig. 4 for the s = 4 current. We see that as N increases the two approximation converge to each other. Now we can write down the effective masses of higher-spin fields in AdS 4 :
2)
The order-1/N correction is linear, while the effective mass up to the order-1/N 2 can be written as 
Summary
We have calculated the 1/N 2 corrections to the anomalous dimensions of the singlet higher-spin currents in the O(N ) vector model. Also, using the results of Ref. [43] we recovered the four-loop anomalous dimensions in the O(N ) model and checked that the 1/N and ǫ expansions for the anomalous dimensions are in complete agreement with each other.
The 1/N 2 expression for the anomalous dimensions (3.14) is rather involved but simplifies considerably in three dimensions. We have also related them to the two-loop radiative corrections to the masses of higher-spin fields.
It has been known that the LO critical dimensions of the singlet higher-spin currents coincide in the O(N ) and Gross-Neveu models with some identification of the expansion parameters. Our result shows that it is no longer true at the NLO order even in d = 3. This also implies that the NLO anomalous dimensions of the higher-spin currents in Chern-Simons matter theories have a more complicated form than the one observed at the LO. association with Lebedev Physical Institute and by the DFG Transregional Collaborative Research Centre TRR 33 and the DFG cluster of excellence "Origin and Structure of the Universe" (E.Sk.).
Appendices

A Numerical Values
We collect below numerical values of the order-1/N 2 anomalous dimensions of the singlet currents. It is worth stressing that η 1 = 8 3π 2 is the same for the Gross-Neveu and for the critical vector models. It is convenient to give anomalous dimensions as multiples of (η 1 )
2 , see Eq. (3.7). Conservation of the O(N ) -current implies γ ns (1) = 0 and we obtain for a few lowest spins 
B Diagrams
In this appendix we collect the results for the diagrams shown in Fig. 2 . The expressions below give the divergent part of diagrams with subtracted counterterms. The symmetry factors are already included in these expressions. We obtained for the diagrams D k , k = 1, . . . , 9
For the last diagram we get
C Vertex and self-energy corrections
In this Appendix we discuss the calculation of the self-energy and vertex corrections diagrams. In total there are eight different diagrams which arise from the SE and vertex corrections to the LO pure singlet diagram. The calculation of SE diagrams is rather straightforward but cumbersome while the vertex corrections could be rather involved. The reason for this is that the diagrams with vertex corrections contain, evidently, divergent subgraph and, therefore, one cannot remove the regulator ∆ from the σ lines and use the uniqueness property of the σϕ 2 vertex. However it is helpful to take into account that the model under consideration is a conformal one. The form of twoand three-point correlators in CFT is fixed up to normalization factors by the scaling dimensions of the fields. Namely, the dressed (full) propagators and 1PI irreducible three point function Γ σϕϕ have the form
The explicit expressions for the factors A, B, Z at the order-1/N can be found in Ref. [24] . One can use this information in order to avoid a tedious calculation of the individual diagrams. Namely, it was shown in [24] that the contribution to the anomalous dimension at the 1/N 2 order due to the SE and vertex corrections to the 1/N diagram can be extracted from the same diagram with the dressed propagators and vertices. Figure 6 . Vertex and Self-Energy correction diagrams for the pure singlet diagram.
Let us consider a logarithmically divergent diagram. For such a diagram the number of ϕ lines is equal to the number of basic vertices and twice a number of the σ lines,
Replacing propagators and vertices by full propagators and vertices one gets a superficially divergent diagram. It has to be regularized by introducing the regulator ∆ in any line. The resulting diagram has a simple pole in ∆
The contribution to the anomalous dimension which comes from SE and vertex corrections diagram is equal to
where r (1) comes from the expansion of the residue R in 1/N , R = r (0) /N + r (1) /N 2 + O(1/N 3 ). The triple vertices in the modified diagram has the uniqueness property that usually simplifies calculation greatly. Moreover, it is not necessary to replace all vertices and propagators at once. The contributions from lines and vertices are additive [24] . One can replace a subset of lines and vertices, S 1 ⊂ S, satisfying the condition (C.4), calculate the corresponding diagram G (1) and find the coefficient r k . If the sets S/ k S k = S + and k S k = S − are not empty then we have to add the contributions from the elements in S + and subtract those in S − . We illustrate this rule on the example of the pure singlet diagram, Fig. 1 . The corresponding decomposition is shown in Fig. 6 .
In the leftmost diagram we replaced two left vertices, the left σ line and two horizontal ϕ lines. In the middle diagram -two right vertices, the right σ line and the two horizontal ϕ lines. So the contribution of the horizontal lines is counted twice. Thus we have to add the contribution from the lines attached to the operator vertex and subtract contribution from the horizontal lines. It is done by adding the rightmost diagram. All the diagrams are superficially divergent and have to be regularized by shifting index of one of the σ−lines by ∆. All these diagrams (first two are obviously equal each other) can be easily calculated with the help of a chain integration rule and the star-triangle relation.
After simple calculation we find for the residue r 
